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Far-Field Calculations for Turbofan Noise

Indranil Danda Roy* and Walter Eversman®
University of Missouri-Rolla, Rolla, Missouri 65409

The development of variable-order mapped infinite wave envelope elements for finite element modeling of acous-
tic radiation from turbofan nacelles is reviewed. These elements can be used outside of the near field as a nonreflect-
ing boundary condition and as a finite-dimensional discretization of the infinite exterior domain for calculation of
far-field acoustic radiation. The Kirchhoff method previously has been investigated in the context of the turbofan
inlet radiation problem to extend a near-field solution to the far field. When the results of the mapped infinite wave
envelope element analysis are compared with results of the Kirchhoff method, it is found that the mapped element
formulation efficiently provides the acoustic far field, obviating the need to carry out an additional Kirchhoff
integral formulation. Relative efficiencies are considered, and it is found that finite-dimensional discretization of
the far field using mapped infinite elements is superior to the Kirchhoff formulation when radiation directivity in

the entire far field is required.

Introduction

ODELING of acoustic radiation is complicated by the re-
quirements that prediction of the acoustic field is required in
some finite subdomainof an infinite domain. This requiresthat com-
putationsbe limited to the subdomain with a nonreflecting boundary
or that the infinite domain be mapped onto a finite computational
domain. In case of finite element modeling, this has led to wave en-
velope elements!?> and mapped infinite wave envelope elements >~6
Mapped infinite wave envelope elements map the infinite domain
to a finite domain. Standard wave envelope elements restrict com-
putations to a large but finite domain bounded by a Sommerfeld
radiation condition on an outer boundary that is reached from an
inner standard finite element domain via large elements in which
the shape functions are augmented to reflect decay with distance
from the source and the temporal and spatial character of outgoing
waves. For the turbofan engine inlet, Parrett and Eversman' and
Danda Roy and Eversman® have developed computational models
to determine the noise radiated to the far field. In their studies,
a wave envelope analysis has been incorporated into the standard
finite element model (FEM) for far-field approximation. Mapped
infinite wave envelope elements have been investigated extensively
for acoustic radiation in a stationary medium. These elements have
some distinct advantagesover standard wave envelope elements. In
the case of harmonic radiation, the most significant is the possibility
of adjusting the order of the elements to fit the requirements of the
problem. Careful examination of the shape function of mapped infi-
nite wave envelopeelements revealsthat they can be introduced well
into what would normally be considered the acoustic near field, re-
ducing mesh refinements and dimensionality. In contrast, standard
wave envelope elements can be introduced only at a distance far
enough from the acoustic source where it can be approximated by
a monopole in uniform flow. A second advantage of the mapped
infinite wave envelope formulationis that the Sommerfeld radiation
boundary is infinitely far away and is never explicitly appended as
a natural boundary condition.
The study reported here reviews the use of variable-ordermapped
infinite wave envelope elements in connection with aeroacoustic
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problemsrelated to turbofan acousticradiation, previously reported
by Eversman.>®* A combined FEM and Kirchhoff integral method
has been investigated in the context of the turbofan inlet radiation
problem as a means of projecting the near-field acoustic solution
to the far field. Farassat and Myers’ have formulated the Kirchhoff
method for moving and deformable surfaces, and it has been uti-
lized by Ozyoruk and Long® in computing the acoustic far field
from information generated in the near field using a finite differ-
ence discretization of the field equations. Spence’ developeda hy-
brid technique that couples the FEM/wave envelope element anal-
ysis used in turbofan inlet acoustic radiation calculations by Parrett
and Eversman'! and Danda Roy and Eversman® with a Kirchhoff
integral formula. Here the approach of Spence’ is modified to use a
radiation code that implements mapped infinite elements to provide
a reflection free boundary and model the far field. The radiation
code is executed first to define the acoustic pressure and its spa-
tial and temporal derivatives on a user-defined Kirchhoff surface.
In this case the surface happens to be the transition boundary be-
tween standard finite elements and mapped infinite wave envelope
elements. Once the acoustic parameters on the Kirchhoff surface are
defined, the Kirchhoff formula is integrated over the entire Kirch-
hoff surface to obtain the acoustic pressure at observer locations
in the far field. The method is based on evaluation of an integral
depending only on the information on the Kirchhoff surface and the
location of the observer. It does notrequire the calculation of the en-
tire acoustic field to evaluate the acoustic pressure at a few observer
locations.

This investigation has two main goals. The first is to demon-
strate that an FEM formulation for turbofan acousticradiationusing
mapped infinite wave envelope elements to close the computational
domain also provides an efficient method for the determination of
far-field acoustic pressure radiation beyond the computational do-
main. The second goal is to integrate the Kirchhoff integral formula-
tion within the framework of a turbofan acousticradiation code that
uses mapped elements. This is an extension of the work of Spence,’
making use of an improved radiation code. With the Kirchhoff im-
plementation, it is possible to compare far-field calculations based
onsimple postprocessingof FEM/mapped elementcalculationswith
those obtained by postprocessing based on the Kirchhoff formula-
tion. A measure of relative accuracy of the two methods will be
addressedby direct comparison of results. Relative efficiency of the
two approachesalso will be considered. The Kirchhoffintegral for-
mulation requires additional postprocessing, first to obtain acoustic
pressure and required derivatives on the Kirchhoff surface and then
to carry out the prescribed integration. Numerical experiments will
compare computational cost using the Kirchhoff method and using
the FEM/mapped element approach in cases when only a few ob-
server points are used and when an extensive far-field radiation field
is to be produced.
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Fig.1 FEM computational region showing near and far fields.

FEM Modeling of Turbofan Inlet Acoustic Radiation

An extensive description of the formulation and computational
scheme for acoustic radiation from a turbofan engine inlet has been
provided by Parrett and Eversman' and Danda Roy and Eversman
Details relevant to the current developments are discussed here. In
this model, the nacelle geometry and the steady flowfield (repre-
senting flow into the inlet and forward flight) are assumed to be
axially symmetric. The noise source is assumed to be harmonic
in time and is decomposed into its angular modal content, allow-
ing a two-dimensional representationof the acoustic field in a plane
throughthe nacelle axis of symmetry. The solutiondomainis shown
in Fig. 1. Itis the x, r plane in cylindrical coordinates. The source
plane is designated by C,. The source is input on this plane by
specifying complex amplitudes of incident duct modes.? The na-
celle surface is C,. On this boundary, steady flow velocity has a
vanishing normal component as does acoustic particle velocity on
acoustically hard surfaces. An impedance boundary condition also
can be represented on appropriateportions of C,,. An artificial baffle
C, formed by a ray from the origin limits the solution domain. The
sweep angle for the baffle is chosen in such a way that minimal
effect on the acoustic field is created.!” The domain of computation
is divided into two parts. In an inner region where the steady mean
flow is nonuniform, a standard finite element mesh is used, com-
posed of eight-node serendipity elements with a resolution of four
to five elements per wavelength. The near field is terminated on a
transition boundary C, beyond which far-field elements are used.
The boundary C, should be placed far enough from the inlet so that
the steady mean flow outside it is essentially uniform (representing
the forward flight effect). In earlier studies"-? this outer region was
large but finite and bounded by Co,, a circle representing a constant
phase surface for an acoustic source located at the origin. On this
boundary, a Sommerfeld radiation condition was specified. Wave
envelope elements!'? were used in this region to reach the outer
boundary C, with minimal cost in mesh refinement.

In a second implementation of acoustic radiation codes,>® the
far-field region is extended to infinity, and a single layer of mapped
infinite wave envelope elements is used to provide a reflection-free
boundary on C, and to compute the acoustic field in the far field as
required. The boundary C, is not part of the solution.

The starting point for the formulation of both the steady mean flow
and the acoustic perturbation consists of the inviscid mass and mo-
mentum equations and the energy equation in the form of isentropic
equation of state. The acoustic field equations are obtained by con-
sidering small perturbationson a steady irrotationalmean flow. This
formulation makes it possible to introduce mean flow and acoustic
perturbation velocity potentials. Acoustic perturbationsin pressure,
density, and velocity potential are harmonic in time and in the angu-
lar coordinate of the form p(x, r)e!™ =" p(x, r)e!®—m9 and
¢ (x, r)e'rt=m9 where n, is the nondimensionalsource frequency,
m is the angular mode number, and 6 is the circumferential angle
about the inlet axis in a cylindrical axis system. In linearized form,
the weak formulation is'

// (VW - (oV¢ + pV¢,) —in, Wp}dV
14

N

Weightingfunctionsare takenas W (x, r, ) = W (x, r)e'™’. Angular
harmonics proportional to e~ represent the decomposition of the
solution periodicin € in a Fourier series. The angular mode number
m is a parameter of the solution. The surface integral is over all
surfaces bounding the domain. The unit normal n for the surface
integral is out of the domain at the surface in question. The weak
formulation continues with the linearized momentum equation

p=—(p./E)in ¢+ Ve, - Vo) @)

which is used to replace p in Eq. (1). The linearized equation of
state

p=cp 3)

is used to produce an alternative form of the momentum equation
in terms of acoustic pressure:

The acoustic particle velocity and acoustic velocity potential are
related according to

v=V¢ (5)

The linearization process also produces the weighted residual
formulation for the steady flow

///VW-(prV@)dV:// W(p,V¢,)-ndS  (6)
1% N

and the steady flow momentum equation in terms of the speed of
sound,

& =1-1[y —1)/2[V¢, - Vo — M2,] ™

and in terms of the steady flow density,

pr= {1_[(y_1)/2](V¢"V¢_M§o)}l/(y_l) ®)

Equations (1-8) are in nondimensional form, where ¢ is the
acoustic potential, ¢, is the local mean flow (reference) potential,
p is the acoustic density, p, is the local mean flow density, p is the
acoustic pressure, and ¢, is the local speed of sound in the mean
flow. All quantities are made nondimensional by using the density
in the far field p., the speed of sound in the far field ¢, and a ref-
erence length that is defined as the duct radius at the source plane,
R, where acoustic modes are defined. All quantities are nondimen-
sional. M, = M, is the Mach number in the far field representing
the forward flight effect.

The surface integral in Eq. (1) provides the boundary condition
on the duct walls and at the source. The acoustic source is specified
by the complex amplitudes of acoustic duct modes at the source
plane. On this plane, FEM nodal values of acoustic potential are
replaced by complex amplitudes of the acoustic potential modes
by an eigenfunctionexpansion. Incident acoustic modal amplitudes
are input and reflected modal amplitudes are computed as part of
the solution. Details of this procedure are available in the previous
work.!"2

A previous study of the turbofaninletradiationproblem!'® showed
that the baffle can be positioned to produce practically no effect on
typical acousticradiation patterns. Therefore, there is little contribu-
tion from the surface integral on the baffle. Furthermore, in the case
of mapped infinite wave elements, the surface integral is never ex-
plicitly introducedon a far-field boundarybecausethe assumed form
of solution in the outer region implicitly satisfies the Sommerfeld
condition. In the steady flow near field (inside the transition bound-
ary C,), where the flow is nonuniform, the weak formulation is
discretized using standard finite element techniques. Example cal-
culations presentedin this study are based on two-dimensional rect-
angular isoparametric serendipity elements with eight nodes. In the
steady flow far field, where the flow is essentially uniform, mapped
infinite wave envelope elements are introduced to obtain closure of
the computational domain.
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Mapped Infinite Wave Envelope Element Formulation

Infinite Mapping

Importantfeatures of the introductionof the mapped infinite wave
envelope element to discretize the far acoustic field are most eas-
ily visualized by comparing to a standard finite element discretiza-
tion. A common FEM discretizationin two dimensions uses a mesh
composed of elements that are curvilinear quadrilaterals. These
quadrilateral elements are mapped from a parent quadrilateral on
—1<&¢<1and —1=<n<1 asshown in Fig. 2 for an element with
eight nodes. Mappings are of the form

x = [NE, nlx, r=[NE nlr ©

where [N (&, n)] is an interpolation (row) matrix, with components
N (&, n) and x and r are vectors of nodal values of x and r. Equa-
tion (9) maps points £ and 7 in the parent element to points x and r
in the global curvilinear quadrilateral element. Mapping functions
are typically polynomials. The eight-node case shown would cor-
respond to quadratic polynomialsin & and 5. This mapping is used
in the standard finite element region. Finite element operations im-
plied in Eq. (1) are formulated in the physical x and r domain, but
carried out via the mapping in the parent element £ and 1 domain.

In the far field, the global element is restricted in its geometry
as shown in Fig. 3. The geometry is suited for representing propa-

1.0 amn

-1-1) Qa,-n

parent element standard element

Fig.2 Standard element mapping.

gation that is essentially outward from the source. The element is
bounded by the surface C, on which it conforms with the conven-
tional finite element of the inner region. The edges of the element
are straight lines (rays), extending outward more or less radially,
though not necessarily from the axis system origin nor necessarily
from a common origin. To conform with eight-node (quadratic) el-
ements described earlier, a third radial line between the two edges
is required. A ray of an element has an apparentorigin at a point x
and ry which in general can be different for each ray. The element
again maps to a parentelementin the £ and 5 plane, —1 <& <1 and
—1 <7 =<1 as shown in Fig. 3. The rays of the element map to the

& axis with n=—1, 0, 1 in the parent element according to
x —xo=[=28/(1 = &)](x1 — x0) + [(1 +&)/(1 — &)](x2 — x0)
(10)
r—ro=[=25/1=&)I0r1 —ro) + (1 +&)/(1 = &)](ra — ro)
an

Thenode xy, ry is coincidentwith anode in the conventionalelement
with which it conforms on the boundary C,. The mapping is sim-
plified if the node at x,, r; is located such that x, — xy =2(x; — x¢)
and r, —rg=2(r; —ry). In this case

2(x; — Xxo) 2(ry —ro)
X — Xy = ————, r—r0=T

— (12)

The mapping has the properties that £ = —1 maps to x =x, r =1
(the coordinates of the element nodes on C,), £ =0 maps to
Xy —Xx9=2(x; —Xxg) and r, —ry=2(r; —ry), and £ =1 maps to
x =00 and r = o0. The mapping along a ray thereby transforms the
infinite domain in the physicalcoordinatesto the domain —1 <& <1
in the parent element. The mapping is completed by a conven-
tional mapping, for example, quadratic,on —1 <7 < 1. The element
shown in Fig. 3 has six mapping nodes. Returning to the representa-
tion of the mapping in the case of conventional elements of Eq. (9),
a similar representationis used here:

x =[ME, )k, r=[ME nlr (13)
where [M (€, n)] is a row vector of element mapping functions
M; (&, n)and x and r are vectors of nodal values of x and r at element
nodes. Equation (13) maps points& and n in the finite parentelement

to infinity
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Fig.3 Mapping summary for mapped infinite elements.
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to points x and r in the global element, infinite in the outward di-
rection. Mapping functions are combinations of the infinite map-
ping functions, Egs. (10-12) and conventional polynomial mapping
functions. Details are found in Refs. 3 and 4.

Shape Functions

In the region of standard finite elements, element interpolation
functions (shape functions) are the same as element mapping func-
tions, that is, for example, in terms of acoustic potential,

¢ =I[NE nlg (14)

where ¢ is a vector of nodal values of acoustic potential ¢ (x, r).
Weighting functions W (x, r), discussed following Eq. (1), are in-
terpolated in the same way. This type of element is referred to as
isoparametric.

Shape functionsin the mappedelementsare constructedto display
the characteristics of the acoustic field at large distances from the
source in the form®:

exp{—in [y (x) — ¥ 1}

—R x e—im(?e—iu(x)
Reo) ()

¢ =0®e™ R

¢ — P(x)e—im()e—iu(x) (15)

where x = (x, r) and

R=V&—x)2+B2(r—ry)>=2R,/(1—&) (16

Ry =V (x —x0)> + B2(r — 1y)? (17
Br=1—-M? (18)

where M is the Mach number of the uniformly flowing medium.
Here w(x) is the phase relative to the transition surface C,, defined
by

nx) =n[¥x) — ¥l (19)
Y= (1/pH-Mx —x) + Rl =2y, /(1—§) (20

where
Y1 = (1/BH[=M(x; — %) + Ry] @1
The function P (x) in Eq. (15), defined by
P(x) = Q)[R /R(x)] (22)

should at large distances from the apparent acoustic source display
the appropriateasymptotic behavior with distance consistentwith a
multipole of specified order. In addition it should have capability of
accountingfor near-field effects and should conformto interpolation
in conventional elements on the interface C,. The phase function
1 (x) should asymptotically represent outward acoustic radiation at
large distances from the apparent source.

In terms of the £ and n coordinates of the parent element, (x)
and R(x)/R; have simple forms suggested by Egs. (10) and (11):

wéE m) =yl +8)/0-8)] (23)
Ri/RGE, m) =3(1-8) (24)

The function p(x) in the mapped infinite wave envelope element
can be represented by standard FEM interpolation:

P&, n) =[Ri/RE mISE, mI@ =[NE mIQ  (25)

where Q is a vector of nodal values of the function Q (x) and S; (&, n)
is the shape function correspondingto node i in the element. There
are six nodes involvedin the infinite mapping, and these can be used
in the interpolationof Q(x). It will generally be appropriate to use
more than the mapping nodes by including extra nodes along the
rays.>6

In general, the composite shape function N; (£, n) can be con-
structed from the gth-order Lagrangian shape function for node
i, LY (&, n) (g is the number of interpolationnodes along the £ axis)
according to

Ni€,m =30 -§L{E (26)

Along the n axis, the order conforms with the order used in the
standard finite element region.

The shape functions defined by Eq. (25) can be interpreted in
global coordinatesby a power series expansionin R /R of the form

Pi(x,7) = ar(Ri/R) + az(Ry/R)* +-- - + oy (R, /R)T  (27)

where o, ay, ..., @, are constants and ¢ is determined from the
Lagrangian interpolation. Reference to variable order mapped infi-
nite elements relates to the choice of the Lagrangian interpolation
and, therefore, to the powers of R;/R in the asymptotic expansion
for the shape function. An expansion of this type with g terms con-
tains a radial basis for spherical Bessel functionsup to and including
those of order ¢ — 1. Therefore, a first-order element (¢ = 1) would
be expected to model accurately the radial behavior of an acous-
tic monopole (standard wave envelope elements correspond to this
case), a second-orderelement to model that of a dipole, and so on.
Conceptually this could be extended to any radial order. The higher
the order, the more complicated the source representation enabling
mapped infinite elements to be introduced closer to the source at the
expense of computationaltime and storage. However, as pointed out
in Refs. 3 and 4, there is a limit imposed by the onset of numerical
problems related to the ill conditioning of the coefficient matrix if
the order is too high (g > 12).

Weight Functions

Astley et al.> show that, for the boundary integral introduced in
the weak formulation to have no contribution on the boundary at
infinity, it is necessary for the weighting function of Eq. (1) to be of
the form

W = Qe [R/Rx)1*"" explin, [y (x) — ¥11}

= D(x)P(x)e!™ et 28)
where g > 1 and
D(x) = [R;/R(x)]* (29)
In the parent element, D can be expressed as
DE.m=(3)"1-8)" (30)

following Eq. (24).

Postprocessing

Variable-order mapped infinite wave envelope elements as al-
ready defined provide an approximatelyreflection free boundary on
the interface surface C, and additionallyprovidea finite dimensional
discretization of the (infinite) far-field region. When implemented
as part of an FEM model of acoustic radiation, the discrete equa-
tions are in terms of nodal values of the acoustic potential ¢ at the
nodes in the standard FEM region and on the interface surface C,.
In the mapped element region, the discrete equationsare in terms of
nodal values of the function Q(x), Eq. (28), which match the nodal
values of ¢ on C,. Postprocessing based on Eq. (15) is required
to recover nodal values of acoustic potential in the far-field region.
In addition, in the entire computational domain, Eq. (4) is used in
postprocessing to obtain the acoustic pressure p.

Kirchhoff Integral Formulation

Once the finite element nodal solution is obtained, the acoustic
potential and the acoustic pressure can be postprocessedin the far
field (outside C,) by FEM interpolation using the mapped infinite
wave envelope element shape functions. As an alternative, far-field
radiation also can be computed using the Kirchhoff method. In
the present implementation, the Kirchhoff formula developed by
Farassat and Myers’ for arbitrarily moving and deforming surfaces
is used and coupled with the turbofan inlet acoustic radiation code.
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For a nondeforming Kirchhoff surface that is in rectilinear motion,
the Kirchhoff formula for the acoustic pressure p’ at the observer
location x and observer time ¢ takes the following form?:

4 ‘ s _rk as
)= r(l—Mn) WAETET s

31
where
re = |rel, ro=x—y(1), M..=M:r,/r, (32)
Ei=—n-Vp +M n)M-Vp)
n cosy—M-n M-n|dp’
Coo(l - Mre) Coo 81
1—M?
zzm(COSV—M'n) (33)

where y is the Kirchhoff surface point coordinates, 7 is the source
time, M is the Mach number vector at which the surface travels, n
is the unit normal vector pointing out of the Kirchhoff surface, r,
is the distance from a point on the Kirchhoff surface at the time of
emission to the observerat the time of detection, ¢ is the freestream
speed of sound, and y is the angle between the vectorsr, and n (refer
to Fig. 1). The integrands of Eq. (31) are to be evaluated over the
Kirchhoff surface at the emission time 7*, which is given by the
root of

T—1t4+7(1)/co =0 (34)

For the computational mesh used here, the transitional boundary
C, between the conventional finite elements in the inner region and
the mapped infinite wave envelope elements in the outer region,
as shown in Fig. 1, serves as the Kirchhoff surface. For proper
application of the technique, the Kirchhoff surface should be far
enough from the source so that the flowfield is uniform. Because
the mapped elements and the transitionboundary C, borderingthem
lie in a uniform flowfield, this condition is automatically satisfied.
The turbofan acoustic radiation code is executed first on a mesh of
appropriateresolutioncomposedof conventionalfinite elements and
mapped infinite wave envelope elements of appropriateradial order.
In postprocessing of the radiation results, the spatial derivatives
of the acoustic pressure in the axial x and radial r directions are
computed numerically along the two-dimensionalcirculartransition
boundary C,, which is then rotated about the axis of symmetry
to obtain the three-dimensional Kirchhoff surface (sphere). Once
the acoustic pressure and its derivatives are defined on the entire
Kirchhoff surface, Eq. (31) can be integrated to obtain the pressure
atobserverlocationsoutsidethe surface. Furtherdetailsare available
from the study by Spence.’

Results and Discussion

Figure 1 shows features of the geometry of a turbofan engineinlet
in an x-r plane of a cylindrical coordinate system. The acoustic
source on the plane C; produces a combination of radial modes
at a specified angular mode m and nondimensional frequency 7,.
The nacelle has a forward velocity specified by the Mach number
M,, which is represented for the stationary nacelle by a steady flow
directed toward it. Steady flow into the nacelle is specified by the
Mach number M;, taken to be uniform on the source plane. The
steady flowfield inside and outsidethe nacelle computed on the finite
element acoustic mesh provides input data for the FEM acoustic
calculations.

Details of the development of mapped infinite elements and
demonstrationof the considerableimprovementsachievablein com-
parison with wave envelope elements in the far field are given in
Refs. 5 and 6. Here a typical inlet radiation calculation at relatively
high frequency is shown to illustrate how a complex directivity
field is resolved using mapped elements in the far field. In addition,
it will be shown that the solution can be projected to several far-
field regions of varying extent with a single FEM/mapped element
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Fig. 4 Isoacoustic pressure contours for generic inlet geometry with
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incident m = — 8, n = 1 mode; far-field region extends to 13 duct radii at

the axis of symmetry.

discretization. The example chosen represents a typical blade/vane
interactiontone at nondimensionalfrequencyn, =35, angularmode
numberis m = —8 , and radial mode is n = 1. The inlet Mach num-
beris M; = 0.3 at the source plane and forward flight Mach number
is M, =0.2. The inlet has acoustic treatment with nondimensional
impedance Z =2.0 — j 1.0. These conditions produce considerable
scattering of the input mode into higher-orderradial modes, as can
be seen in Fig. 4.

In Fig. 4 contours of sound pressure level over a 55-dB range
are shown. The highest level on the outer bounding constant phase
circle that intersects the axis of symmetry at a distance of 10 duct
radii is arbitrarily set at 100 dB (the 100-dB contour is annotated).
Contours are at 5-dB increments. From this example result, it is
seen that far-field directivityis very detailed yet well resolvedin the
FEM/mapped element formulation. Far-field acoustic pressure con-
tours are obtained by postprocessingthe acoustic potential solution
given at mapped element interpolation nodes via Eq. (15). Con-
tours are generated from an array of evaluation points, which can
be extended beyond the region covered by mapped element nodes.
Postprocessing need not be limited to the region of FEM/mapped
element discretization. Also directly available are directivity on any
arbitrary bounding circle and on a sideline, restricted only by the
condition that the bounding circle or sideline lie entirely in the far
field, mapped element region. Postprocessing to obtain acoustic
pressure, in either the near field or far field, requires only spatial
derivatives of acoustic potential. Inaccuraciesintroduced in this op-
eration are minimized either by averaging at element nodes or by
postprocessingat Gauss points within elements. No spatial deriva-
tives of acoustic pressure (second spatial derivatives of acoustic
potential) are required.

Figure 5 shows sound pressure level for the same FEM/mapped
element model shown in Fig. 4, but in this case postprocessed to
extend the far-field region to be bounded by a constant phase circle
intersecting the axis of symmetry at a distance of 38 duct radii. In
this case the far field extends well beyond the region discretized
by FEM/mapped element interpolation nodes. Contours are again
normalized to 100 dB for the maximum level on the outer boundary,
and the 100-dB contouris annotated. Contours are essentially scaled
up versions of those shown in Fig. 4, where the outer boundary is
at only 13 duct radii (within the region of discretization). Contours
of the same decibel level in Figs. 4 and 5 are not exactly the same
because normalizationis done on differentbounding contours. This
is particularly noted in the 70-dB contour in Fig. 5 (down 25 dB
from the principal lobe), where influence of the baffle begins to
appear. The 70-dB contour in Fig. 4 does not show this because
with normalizationon the 13 ductradii boundingcircle the absolute
level is higher than the absolute level corresponding to the 70-dB
contour of Fig. 5.
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Fig. 5 Isoacoustic pressure contours for generic inlet geometry with
acoustic treatment Z =2.0 — ;j 1.0, showing substantial scattering from
incident m =— 8, n = 1 mode; far-field region extends to 38 duct radii at
the axis of symmetry.
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Fig. 6 Isoacoustic pressure contours for generic inlet geometry with
incident mode at nondimensional frequency 7). =25, incident mode
m=—§,and n =1; FEM/mapped element computations.

To demonstrate the results obtained by use of the Kirchhoff
method and how they compare with those obtained by directly post-
processing the mapped element results in the far field, a second
example is considered. Here a case that produces a less compli-
cated far field is considered, to make comparisons more easily in-
terpreted. Inlet radiation is modeled again with standard FEM in
the near field and mapped infinite wave envelope elements in the
far field. Source and flow conditionsare n, =25,m =23, M; = 0.3,
and M, =0.2 with only the first radial mode incident, n = 1. After
postprocessingthe finite element solution, the acoustic pressure and
its derivatives are defined on the transition surface C,, which serves
as the Kirchhoff surface. The Kirchhoff formula is then integrated
over the entire Kirchhoff surface to obtain the acoustic pressure at
observer points in the far field. It is to be noted here that the tran-
sition boundary C,, when rotated about the x axis to produce the
Kirchhoff surface, results in a sphere (with center offset from the
coordinate system origin), which does not close in the aft region
due to the baffle.The Kirchhoff formula should be integrated over
a closed surface to obtain a prediction at an observer point outside
the sphere. However, in a previous study, Spence’ showed that in-
tegration over a Kirchhoff sphere open in the aft region is adequate
for radiation calculations in the forward radiated far field. Figure 6
shows isoacoustic pressure contours in both near and far field ob-
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Fig. 7 Isoacoustic pressure contours for generic inlet geometry with
incident mode at nondimensional frequency 7). =25, incident mode
m=— 8, and n = 1; FEM/Kirchhoff calculations.

tained directly from FEM/mapped element postprocessing.Figure 7
illustratesthe far-field normalized acoustic pressure magnitude con-
tours resulting from Kirchhoff calculations. No pressure contours
inside C, have been shown because calculation using the Kirchhoff
method is justified only outside the Kirchhoff sphere. Furthermore,
acoustic pressures inside the Kirchhoff surface are available from
the standard FEM operations in this finite region. From a compar-
ison of Figs. 6 and 7, it is apparent that the mapped infinite wave
envelope element analysis and the Kirchhoff method predict far-
field radiation patterns that are visually similar. Figure 8 plots the
magnitude and phase of the complex acoustic pressure from these
two analyses on a constant phase circle with an x-axis intercept of
13 ductradii. The magnitude plot indicates that the mapped infinite
wave envelope analysis predicts the far-field peak radiation level
marginally higher than the Kirchhoff method. Phase angle compar-
ison also is very good except at low and high angles from the axis
of symmetry. The acoustic pressures in these regions are relatively
low compared to the highest level of radiation.

These results and comparisons demonstrate that mapped infinite
waveenvelopeelementsare capable of projectinga near-field acous-
tic radiation solution to the far field that compares very well with
the solution projected using the Kirchhoff integral formula. This
postprocessing procedure is a computationally efficient alternative
to Kirchhoff calculations. An argument for the use of the Kirchhoff
integral method is thatit reduceserror in the far field, compared with
FEM/wave envelopeelement discretization? However, introduction
of mapped infinite elements produces a more accurate far-field ap-
proximation than was achievable with standard wave envelope el-
ements. Furthermore, errors introduced must be balanced against
errors that occur in calculation of derivatives of the acoustic pres-
sure field on the interface boundary C, in the Kirchhoff method.
These depend on second derivatives of acoustic potential, with the
inevitableimplicationsfor accuracy. A secondunquantifiable source
of possible error in the Kirchhoff formulation is the failure to close
the Kirchhoff surface at large angles to the axis of symmetry. It is
concluded that accuracy in the far field is not necessarily enhanced
by use of the Kirchhoff formulation, and in fact, as shown here, the
results of the two approaches are in good comparison.

The question of computationalefficiency also must be examined.
For the example shown in Figs. 7 and 8, the turbofan inlet acoustic
radiationcodeis executedon a computationalmesh of 3250 standard
finite elements inside C, and a layer of 75 mapped infinite wave en-
velope elements outside C,. For the Kirchhoff method, the mapped
infinite wave envelope analysis has to be performed first to define
the acoustic pressure and its derivatives on the Kirchhoff surface.
Far-field pressure ateach observerpointis calculatedby numerically
integratingover 30 x 150 points on the open Kirchhoff sphere. This
results in a total execution time (FEM plus Kirchhoff), which is ap-
proximately 2.6 times more than that for the FEM/mapped element
analysis alone to produce the result of Fig. 7. Results of Fig. 6 have
been generated by carrying the FEM/mapped element procedure to
its conclusion with postprocessingto obtain acoustic pressurein the
far field based on the mapped elements. Postprocessing time is only
a small fraction of the total execution time.
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Fig. 8 Acoustic pressure directivity comparison on a constant phase surface at 13 duct radii.

Conclusions

Mapped infinite wave envelope elements provide an effective
reflection-free boundary for acoustic radiation from bodies im-
mersed in a uniform steady flow. In addition, these infinite ele-
ments provide a finite discretizationof the (infinite) far field, which
is capable of projecting relatively near-field computations to far-
field acoustic pressures with efficient postprocessing. In an appli-
cation to acoustic radiation from a generic turbofan inlet geometry
at relatively high nondimensional frequency and low angular mode
number (typical of blade/vane interaction tones), it is found that
FEM/mapped elements are capable of producing detailed acous-
tic pressure radiation patterns representative of substantial scatter-
ing in propagation and radiation. Previous studies comparing the
performance of wave envelope elements and mapped infinite ele-
ments have shown that mapped elements provide a much improved
reflection-free boundary for closure of the near-field FEM compu-
tational domain. The reflection-free boundary can then be drawn
farther into the near field than possible with the older wave enve-
lope elements, and it becomes possible to reduce the dimensionality
of the computational domain. It also has been demonstrated that
mapped infinite elements provide an efficient means of postpro-
cessing acoustic potential solutions in the near field and projecting
acoustic pressure to the far field.

It has been suggested by other investigators that far-field acous-
tic pressures can be obtained by a postprocessing scheme based on
the Kirchhoff integral theorem. The original proposal was that a
formulation using FEM and a wave envelope element discretiza-
tion of the far field be extended to project the near field to the far
field. This is attractive because the wave envelope formulation pro-
vides no representation of the acoustic field outside the region of
FEM/wave envelope discretization. It has been shown here that the
FEM/mapped element approach provides the capability to project
the solution beyond the region of discretization via simple postpro-
cessing, which is the same used for obtaining the acoustic pressure
field in the computational domain.

In the present study, the mapped infinite wave envelope analysis
has been supplemented with a Kirchhoff integral method for pro-
jecting acoustic radiation patterns in the far field. Comparison of
the Kirchhoff method results with that of the mapped infinite wave
envelope analysis indicates that the mapped elements are capable
of constructing an accurate acoustic wave structure in the far field.

The Kirchhoff method produces the complete radiated far field at a
much higher computationalexpense than the mapped element anal-
ysis. Therefore, it is concluded that in general it is not necessary
to bear the considerable additional postprocessing expense of the
Kirchhoff method to obtain useful far-field acoustic radiation solu-
tions.
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